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1 The Kato-Rellich Theorem
1.1 The Kato-Rellich theorem
Last time, we were in the middle of proving the Kato-Rellich theorem.

Theorem 1.1 (Kato-Rellich). Let A be self-adjoint, and let B be symmetric and A-bounded
with relative bound < 1. Then A+ B is self-adjoint on D(A).

Proof. A+ B is closed, symmetric, and densely defined on D(A). So we only need to show
that the deficiency indices are 0: that is, we want Im(A + B + i) = H. In fact, we will
show that there exists some A\ € R\ {0} such that Im(A + B +i\) = H.

As A is self-adjoint, this is true when B = 0. We have

J(A+iNul? = [ Aul® + \2[ul®  Vu e D(A).
So we know that A+ i\ : D(A) — H is bijective, and
01 = [|ACA 4N " o 4+ A2 (A + X)) 2 Vv € H.

So (A+iX)~1 A(A+i)\) "t € L(H, H) with

- 1 -
I(A + X))~ ST lACA -+ < 1.

Next by the A-boundedness of B, there exists some 0 < a < 1 such that for any v € H,
IB(A+ i) ul| < al|A(A +iX) " u| + b]| (A + X))

b
< alful| + WIIUH

= (a+ 5 )



Pick X large enough to get

= (55l

Thus, the operator 1+ B(A +i\)~! is invertible in £(H, H). We get that
A+B+ix=(1+BA+iN) " H(A+i\):DA) - H
is bijective. So A + B is self-adjoint on D(A). O

Here is an application:
Example 1.1 (Schrédinger operator with a Coulomb potential). Let H = L?(R3), and let
Py = —A (self-adjoint with D(Py) = H?(R?)). Our potential is V() = % with v € R.
We claim that P = Py + V is self-adjoint on L? with domain D(P) = H%. We may
assume that |y| is small, for we can change scales: Introduce Uy : L? — L? which acts as

(Uxf)(z) = A~ ”/Zf(fv/)\) Then

_ 1 vy 1 Ay
E 1A = A4+ = (-A4+ 2
Uy (FA+VIUN = =3 A+ V) = —5A+ Na| — 22 " 2|

So we don’t need to worry so much about the relative bound in the Kato-Rellich theorem.
We shall show that

v = (O 4 < oqin 2 VueD(P
Voul” = FERG (I Powll + [lul) u € D(R).

1 |z[ <1
X:
0 |z|>2.

Then, letting E(z) = —1/(4x|z|) be the Newtonian potential in R? (so AE = dy),

Let x € C5°(R?) be

xu=20oxxu=AFExyxu=_F x A(xu) .

2
eLloc EL

compact

So xu € L™ is continuous, and

xu(a |—\/E () — >dy1 ([ 15w !2dy>1/2|!A(XU)IIL2

Thus, |[xu(z)]* < C||A(xu)|32, so dividing by |z|* and integrating on both sides, we get
2
XU
PR < elaalie
< C(Aull® + [lull® + | Vul?)

< C'([|Aul* + [lull).



1.2 Quadratic forms

Let H be a complex, separable Hilbert space, let D C H be a linear subspace, and let
q: D x D — C be a sesquilinear form. Let ¢(u) := q(u, u) be the corresponding quadratic
form with domain D(q) = D.

Remark 1.1. The polarization identity

3
Z i*q(u +i*v)

k=0

| =

q(u,v) =

allows us to determine ¢(u,v) from gq(u).

Definition 1.1. We say that ¢ is symmetric if ¢(u,v) = g(v,u) for all (u,v) € D (so
q(u) € R for all u). A symmetric form ¢ is bounded below if q(u) > —C||ul|? for all
u € D(q).

Example 1.2. Let H = L*(R/21Z), and let V € L'(T; R). Consider q(u) = [g /5 (|w/[* +
V|u|?) dz with domain D(q) = H'(T) C L>(T). Formally, we can write

q(u) = (Pu,u);2, P=-9*4+V

We’ll apply quadratic form techniques to discuss self-adjoint extensions.
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